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Pacnpenenerns n ux ceolicTsa



Cobepem HECKONBKO KOLLAYbUX XBOCTOBB




HOCMOTpI/IM Ha KOHYUKUN

MpnbnmxeHHo nonyunnn yHKLUIO pacnpeseneHus

HOPMaNbHOro pacnpeaeneHuns.
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DyHKLMA pacnpeaeneHns

MDyHKUUA pacnpeaenieHust B TOUYKe X paBHa

[0S1e XBOCTOB C AJINHON He bosiblue X.



Y710 Takoe pyHKUUSI pacnpeaesieHus

Fe(x) = P(€ < x) — dyHKuus pacnpegenenust CiyHaiiHoi BennymHbl €.
CgoiicTBa N3 TE0pMn BEPOATHOCTEIA:

1. He ybuiBaer;

2. HenpepbiBHasi cnpaBa, MOXeT UMeTb PaspbiBbl;

3. F(—o0) =0, F(4+00) = 1;

4. OpHO3HAYHO XapaKTepusyeT pacnpeaeneHue.

®yHKUMA pacnpefeneHms
1.0

0.8
0.6
0.4

0.2



Bo3bmem 3HaveHune P




Bo3bmem 3HaveHune P Kakoli xBocT EeEMYy COOTBeTCTByET?

P-KBAHTW1b pPaBHa HauMeHbLUENR ANNHE XBOCTA, T.4. €CTb HE MEHee

p - 100% xBOCTOB € AnmHOl He Bonblue JaHHOrO XBOCTA.



Bo3bmem 3HaveHune P Kakoli xBocT EeEMYy COOTBeTCTByeT?

P-KBAHTW/b PaBHAa HaUMeHbLLER A/INHE XBOCTa, T.4. €CTb He MeHee
p - 100% xBOCTOB € AnmHOl He Bonblue JaHHOrO XBOCTA.

Popmansho: u, = min{x | F(x) > p}



[MnoTHOCTBL




[MnoTHOCTBL

MnotHocTb B Touke x paBHa Ap/Ax,

T.€. A4OJI€E XBOCTOB C Aﬂl/lHOﬁ XBOCTa B OKPECTHOCTU X.



YTo Takoe nAOTHOCTb

0.20 MnoTHOCTL

0.15

0.10

0.05

0'00—6 -4 -2 0 2 4 6

CeoiicTBa:
P NIEXXUT HE HUXKE TOPU3OHTAIbHON OCH;
» nnowaAb Nog KpWBOKA paBHa 1;
P HeorpaHn4eHa CBEpXY;
>

BeposiTHOCTU cobbiTus {a < & < b} cooTseTtcTByeT
naowasb Nof KPUBOHA MeXAy TouYkamu a u b;

> paBHa NMPOM3BOLHON (bYHKLMW pacrpeseneHus.

®opmanbHble onpeaeneHnsi N CBOWCTBA CM. TEOPUIO BEPOSTHOCTENA.

>



Y1o Takoe mar. OXnagaHne n ,EI,I/ICI'IepCI/IFI?

[MNoTHOCTb

EE - 3/DE
VDE
E€ + 3y/DE

®opmasnbHble onpeeNneHns 1 CBOWCTBA CM. TEOPUIO BEPOSITHOCTEIA.



HopmanbHoe pacnpenenerue

O6ozHauenne: N (a, o?)
Mapametper: a € R0 € Ry

Hocutens: R, abc. HenpepbiBHOE

MnoTHocTs: p(x) = —~L— exp | —452°
£ V2ro? R 202
MaTemaTuyeckoe oxupgaHme: a

Oucnepcns: o2

NHTepnpeTauus:
a — cpefiHee 3Ha4eHue

o — pa3bpoc 3HayeHwul

MnoTHoCcTb Na, 0°)

0.4
0.3
0.2
0.1
0.0
. 0 2 4
®dyHKUMA pacnpeaeneHus Na, o?)
ol — N(0,22)
0.8 === AN(O, 1)
e N(2,1)
0.6
0.4
0.2
0.0



PaBHOMepHOe pacnpegeneHmne

Ob6osHauenune: U(a, b)

Mapametpbi: a,b e R, a < b
Hocutens: [a, b], abc. HenpepbiBHOE
MnotHocTs: p(x) = - 1{x € [a, b]}
MaTemaTudeckoe oxungarve: E2

. (b=a)?
Auncnepcns: =

NHTepnpeTauus:

anb— KOHLbl OTPE3Ka-HOCUTENA

1.0
0.8
0.6
0.4
0.2
0.0

1.0
0.8
0.6
0.4
0.2
0.0

)

MnoTHocTb Ula, b]

e (J[0.5,2.5]
e [0, 1]

0 1 2 3]

DyHKUKnA pacnpegenenus Ula, b]

e (J[0.5,2.5]
e ([0, 1]

0 1 2 3



BepHemcsi kK xBocTaMm

TR

Mouemy Henb3sa cobpaTb

BCE XBOCTbI?

» VI3 chnwkom mHoro.

Mouemy Henb3sa cnyyaiiHo

PaBHOMEpPHO BbIOMpaTb XBOCTbI?
Moyemy Ha NpakTUKE B TOYHOCTU > [nnna xsocTa moxet

He NoAy4YnTCs HopManbHoe pacnpeg.? 3dBUCETBIOT PEVOKIE

» Mbl cobpanu He BCe XBOCTHI. » HyxHo mHoro

4esI0BEYECKNX PECYpCoB.
» [lpupoga He ngeanbHa.

» He 6biBaeT XBOCTOB OTpUL,. AJINHBLI.

I7p1/l pa6ore C péaJibHbIMU faHHbIMU UMEKT MECTO I'lO,qO6HbIe cuTyayunn.

>



O

bpocok MoHeTKY
N CBS3aHHbIE pacnpedeneHuns

o
/)



Pabota B koMaHZax

3apgaya Ne 0. KnactepunzsoBaTbcs B kKomaHAb! no 4-5 yenosek



3afjava: ecTb 7 MUHYT

NmeeTcs Heckonbko pacnpeaeneHuii.

Llenb: npuaymatb UHTEPNpPETALMIO 4151 KAXKAOTO U3 PacnpenesieHnii:
» pacnpegenedune Beprynan: P({1}) = p
» BuHomuansHoe pacnpepenenue: P({k}) = Ckpk(1 — p)n—*
> Bera-pacnpeaenenne: p(x) = g5 x° (1 - x)"7
> PasHomepHoe pacnpegenenune: P({k}) = &
» [lyaccoHoBckoe pacnpegenerne: P({k}) = Iexp( A)
> DkcnoHeHunansHoe pacnpeaenetue: p(x) = Ae” M /{x > 0}

» [amma-pacnpegenerue: p(x) = % B



BepHynnu pacnpegnenexune

Ob6o3sHaueHue: Bern(p)
Mapametpei: p € (0,1)
Hocntens: {0,1}, anckperroe
BeposithocTb: P({1}) = p

MaTemaTunueckoe oXngaHune: p

Oncnepcus: p(1 — p)

NHTepnpeTauus:

p — BEpOSITHOCTb BbINafeHUs
opJfla y MOHETKMU

Ounckp. nnoTHOCTL Bern(0.7)

0.6
0.4
0.2

0.0
0.0 0.2 0.4

OyHKUMA pacnpenenenns Bern(0.7)

0.6

®

0.8 1.0

1.0 o—
0.8 .
0.6
0.4 .
0.2 ’
0.0 =
0.0 0.5 1.0



BuHomunansHoe pacnpeneneHne

ObosHauenue: Bin(n, p)

Mapametpei: n € N, p € (0,1)

Hocutens: {0,1,...n}, anckpertHoe

Beposithoctb: P({k}) = Ckpk(1 — p) =k

MaTemaTunueckoe OXungaHue: np

Oncnepcuns: np(1l — p)

NHTepnpetauus:

p — BEpOSITHOCTb BbIMafeHUs
opJfla y MOHeTKH,

N — KOJIMYeCTBO nofbpackiBaHuii
MOHETKM

0.25
0.20
0.15
0.10
0.05

0.00

1.0
0.8
0.6
0.4
0.2
0.0

Ovckp. nnoTHOCTL Bin(n, p)
® Bin(20, 0.5) ®

e Bin(20,08) T %
oo
°
o e o
° °
° °
® ’:’
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00000800000? | | Pooeel
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OyHKUMA pacnpenenenus Bin(n, p)
=== Bin(20, 0.5)

—— Bin(20, 0.8 *- !
e ¥
o

T *-

- !

P L ot

0 5 10 113 20



BeTa—pacn peaeneHne

Ob6o3zHauqenue: B(a, b)

MNapametpel: a,b > 0

Hocutens: [0, 1], abc. HenpepbiHoe

MnotHocTe: p(x) = mxa_l(l — x)b-1
a

MaTemaTtunueckoe OXNnaaHne: P

v ab
Ancnepens: gt
NHTepnpetayus:

a — "ronoca” B nonb3sy "opna”

" 7" " "
b — "ronoca” B nonb3y 'peLukn

2.5
2.0
1.5
1.0
0.5

0.0

1.0
0.8
0.6
0.4
0.2
0.0

MnotHocTb B(a, B)

e B(1,1)
= B(2.5,1)
e (3, 2)

0.00 0.25 050 0.75 1.00

DyHKUMA pacnpegenenns B(a, B)




PaBHoMepHoOe

ObosHauenune: U(1,2...N)
Mapametper: N € N
Hocntens: {1,...N}
BepositHocts: P({k}) = %
MaTtemaTundeckoe oxxuaaHue:

N1
Aucnepcuns: =5

WNHTepnpeTtauus:

N — konu4yecTBo Wapukos
B MeLuKe

N+1
2

0.25
0.20
0.15
0.10
0.05

0.00

1

)

Owvckp. nnoTHocTb U{1, 2, 3,4,5}

2 3 4 5

OyHKUMA pacnpepnenennsa U{1,2,3,4,5}

1.0
0.8
0.6
0.4
0.2
0.0



3ayem n3yyaTb bpockm MoHeT?

Bpocok MoHeTbI — TO/IbKO MPOCTast MHTEpNpeTauns.

B peanbHocTy 370 MOryT BbITh
> koppekTHocTb oTeeTa ML-knaccudpukaTopa;
P KJIVK NOJIL30BaTENs MO CChIJIKE;
» oTBeTbl B COLLONPOCAX;
P Ha/snyue aHTUTEN NOC/Ie BaKLMHALMY;

» 1 Apyrue UHTEpnpeTauuu.



[ToToK cobbITniA
N CBSI3aHHbIE pacnpeAeneHns



[lyaccoHoBckoe pacnpepeneHune

Ob6osHauenue: Pois(\)

Mapametpbi: A > 0

Hocutens: Z., anckpetHoe
Beposithoctb: P({k}) = i‘(—f exp(—A)
MaTtemaTudeckoe oxugaHue: A

Ouncnepcus: A

WNHTepnpeTtauuns:

A — VNHTEHCUBHOCTb MpoLecca
= cpefiHee KOMMYECTBO CObbITUi,

npomnsoLlesLmnx 3a GUKC. Bpemsi

[Ounckp. nnoTHOCTb Pois(A)

0.5
o ® Pois(0.8)
0.4 A ® Pois(5)
0.3
0.2
[ ] e o
it Te,
00 o "e o000 8e
2 4 6 8 10
DyHKUMA pacnipegenenus Pois(A)
1.0 ._.—O—O—O—O—.O:FM
1
0.8 ~— ._!
1
0.6 i ~—
1 1
0.4 ';
0.2 1 e P0is(0.8)
| e Pois(5)
0.0 —p——

0 2 4 6 8 10



IKCMOHEH LUMnanbHOE pacnpeneneHmne

Ob6osHauetune: Exp())

Mapametpbi: A > 0

Hocutens: R, , abc. HenpepbiBHoe
MnotHocTe: p(x) = Ae ™ [{x > 0}
MaTemaTtuyeckoe oxuganue: 1/A

Oucnepcuns: 1/)2

WNHTepnpeTtauuns:

A — MHTEHCUBHOCTb MpoLecca
= cpefiHee KOMNYECTBO CObbITUi,

npomsoLlesLmnx 3a PUKC. Bpemsi

MnoTHoCTb Exp(A)

1.0 e Fxp(1)
0.8 @ £xp(0.5)
0.6
0.4
0.2
0.0
0 2 4 6
DyHKUMA pacnpeneneHns Exp(A)
1.0
0.8
0.6
0.4
0.2 e Exp(1)
0.0 @ Fxp(0.5)

0 2 4 6
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CBsI3b NyaCCOHOBCKOIO 1 3KCMOHEHL,. pacnpeaeneHuii

MycTb cobbITUS NponcxoasT HE3aBUCUMO ApYyr OT Apyra
C OAMHAKOBOI 4acTOTOW A WT. B MUHYTY.

lpumepsi:
P> MOMEHT NpuXofa K/WEHTa B MarasuH;
P MOMEHT MOJIyHeHNs 3aKa3a OT MNoJb30BaTesNs;
P> MOMEHT Npuxofa 3anpoca Ha cepeep;
P> MOMEHT npuesga aBTobyca Ha OCTaHOBKY.

Toraa 4acTo npeanosaraercs, 4To

1. Pois(At) — pacnp. kon-Ba cobbiTnii 3a Bpems t.
VX CpegHee Yncao At.

2. Exp()\) — Bpemsi MeXay ABYMs COCEAHUMU COBLITUSAMY
cpeaHee Bpemsi 1/ )\ Ha cobbiTue.



)
CBsI3b NyaCCOHOBCKOIO 1 3KCMOHEHL,. pacnpeaeneHuii
Mouemy Tak?

IKCNOH. pacnpeneneHne o6na,u,aeT CBOIICTBOM OTCYTCTBUA NAaMATU!

Ecnu € ~ Exp(A), To ans nobbix s, t > 0:

P>t+s|E>s)=PE>1t)

Cmbicn:

Ecnu cneaytoliero kaneHTa oXungaem yxe s MUHyT nocne

npuxoga NpeAbIAyLLEro, TO B CPEAHEM XKAaTh OCTANIOCh CTOMBKO Xe,
kak 6yaTo 6bl NpeablayWwnii TOABKO YTO MpULLES.

[ns abc. Henpep. pacnp. 3KCMOHEHLMAIbHOE — eUHCTBEHHOE
CO CBOICTBOM OTCYTCTBUS NaMsATW. s ONCKPETHbIX — reoMeTpUYECKOE.

CBsi3b C MyacCOHOBCKMM ByfeT fokazaHa yxxe ckopo Ha gocke!



[amMMa-pacnpepenexmne

O6o3zHauenue: [(a, B)
MapameTpbl: a, 5 >0
Hocutens: R, abc. HenpepbisHoe
- — o  B-1lg-ax
MnoTHocTb: p(x) = fay X e

MatemaTuyeckoe oxugatue: 3/«

Oucnepcus: 3/a?

BosmoxxHas nHTepnpetauus:

(¢ — NHTEHCUBHOCTb npouecca
= cpefHee KOJIMYECTBO CODLITHUIA,

npomnsoLlesLnx 3a PUKC. Bpems

B — Konnm4ecTBo COBLITUIA

)

MnoTtHocTb MNa, B)

1.0 = [(1,1)
== [(10, 15)
0.8 — (2, 3)
0.6
0.4
0.2
0.0
0 1 2 3 4
dyHkuma pacnpepeneHns MNa, B)
1.0
0.8
0.6
0.4
o (1,1)
0.2 @ (10, 15)
— (2,3)
0.0

0 ]! 2 3 4



[ eHepaumsa cnydaliHbiX BENWYMH

O



[eHepauus cny4vaiiHbIX BEANYUH

3apauva: crenepuposats ¢ ~ Bern(p) , umes £ ~ U(0,1)

Pewenue: ¢ = [{{ < p}

3apaua: crenepuposats ¢ ~ Bin(n, p) , umes £ ~ U(0,1)

Pewenve: ¢ =57 &,

roe & ~ Bern(p) — He3aBucuMble CiyyaiiHble BEINYMHBI.

3apava: creHepuposats £ ~ U(0, 1), umes i ~ Bern(1/2)

Pewenune: sanuwem £ B ABonyHoii cucteme cuncnenns: € = 0,£18...6, ,

roe & ~ Bern(1/2) — He3aBucuMble cny4aiiHble BeNYUHbI.



[eHepauus cny4vaiiHbIX BEANYUH

3apaua: crenepuposats & ~ N(a, 02), umes ¥ ~ U(0,1)

Pewenue: ucnonssyem npeobpasosatus Bokca-Mionnepa.

Myctb 1,12 ~ U(0,1) — He3aBUCMMbBIE ClyYaiiHble BENMYNHDI.

Torpa & = cos(2mh1)v/—21In ), & = sin(2mh1)v/—21In 1,
ABASIOTCA HE3aBUCUMbIMU CrydaiiHbiMu BeanduHamn us N'(0,1)

Mouemy Tak? 3afgayka U3 TeOpPUM BEPOSITHOCTEIA.

3apaua: crenepuposats ¢ ~ N (a,0?), umes ¢ ~ N(0,1)

Pewenwue: ¢ = a+ o) ~ N(a,0?)



OueHKM B aHaNn3e AaHHbIX

lNpumeyqanne. CeropHsi He norpyxaemcsi B (hopMasbHOCTH,

paccMaTpuBaeM npakT. Touky 3peHusi. PopmansHocTy BygyT, HO No3xe.



HaHHble

RN
MycTb & — pocT KoTuka. Hnuero npo Hero He N3BeCTHO. {@
Y70 HY)XHO cfenaTb, 4TobbI oueHuTs EE? >

B3aTb HECKOSIbKO KOTUKOB 1 N3MEPUTb NX pOCT!

H[ﬂ

o000 é QOCM 50@\4

X1, ..., X, — HE3aBUCMMbIE OQVHAKOBO pacnpepes. Ciay4d. BeJNYnHbI,

paBHbIE POCTY N3MEPEHHbLIX KOTUKOB. Ha3biBaeM nx BbIOOPKOIA.



HezasucnmocTsb

Mycts (Q,.%,P) — BEpOATHOCTHOE NPOCTPAHCTBO.

Cobbitusi {A;i}ier C % nonapHo He3aBUCUMBI, eC/in

Vi#j: P(AiNA;)=P(A)P(4).

Cobbitust {A;}ie; C F He3aBUCMMbI B COBOKYMHOCTU, €C/N

VN eN V{AIN ,: P(A, NA,...NA,)=P(A,) P(A,)...P(A},).
Cnyvaiitble BennuuHbl &1, ..., £, HE3aBUCUMBI B COBOKYMHOCTU, €C/N
V{Ak}i_; C F cobbitus {&1 € A1}, ..., {&n € An} HezaBucumbl B COB..

He3aBucumocTb — Ba)kHOE NOHSATUE ANa aHain3a OaHHbIX.

Mo ymonyaHuto nogpasymeBaeTcs HE3aBUCUMOCTb B COBOKYMHOCTU.



HezaBucnmocTb: Ha NMPaKTUKE

Bonpoc: kakoii KHOMKe Nob30BaTe/Ib OTHACT MpeanoyTeHue’?

Googe B B B - e

Co3paBavite HarasaHble TabnuLipl

[Ns AMYHBIX Leneit

G Suite mBemo




HezaBucnmocTb: Ha NMPaKTUKE

Cobupaem noru, cmoTpum:

timestamp
2020-02-02 23:03:04.930 UTC
2020-02-03 22:03:04.782 UTC
2020-02-03 23:03:19.837 UTC
2020-02-03 23:12:19.837 UTC
2020-02-03 23:13:01.394 UTC
2020-02-03 23:15:30.183 UTC
2020-02-03 23:18:25.938 UTC
2020-02-03 23:26:30.836 UTC

user_id
123
123
123
456
456
456
789
789

action
click business button
click business button
click business button
click business button
click business button
click business button
click business button
click business button

from
header
block
header
block
block
block
header
block

user id — yHUKanbHbIG UAEHTUDUKATOP NONL30BATENS,

action — BbInonHeHHoe aeiicTBue (Mo HeMy OTUABLTPOBaAN);

Pacwudpoeka:
1. timestamp — oTMeTKa BpeMeHu;
2
3.
4. from — kakas M3 KHOMOK Bblna HaxaTa.



HezaBucnmocTb: Ha NMPaKTUKE

Pewenue:
MycTb 1 — HaxkaTne Ha KHOMKY B X3Aepe,
0 — Ha)kaTue Ha KHOMKy B Bioke.

Metpuka — BeposiTHOCTb Bbibopa kHonku B header, a He B block.

Kak nocuutats metpuky? lNonpobyem Tak:
Y |

metric = HiB'

rae H — Konu4ecTBo KJIMKOB Ha KHOMKy B header,

B — konuuecTBo KAnkoB Ha KHonky B block.

Hepocratku:
> KJINKN He SABASAIOTCA HE3ABUCUMbIMN CO6bITVI$IMVI;
» oanH nonb3oBaTeNb MOXET KANKHYTb 1000 pa3 Ha ofHY KHOMKY;

» nonb3oBaTesb MMEET NPUBbIYKN.



HezaBucnmocTb: Ha NMPaKTUKE

Mensem pewenue:

nyCTb 1 — HaxkaTue Ha KHOMKY B X3A4epe,

0 — Ha)kaTue Ha KHOMKY B 6noke.

MeTprka — BeposiTHOCTb BblibOpa kHonku B header, a He B block.

[Mocuntaem npen. METPUKY O/ Ka>KAOro nosib30BaTeNA

N yCcpeaHUm no NoNb30BaTENAM:

n
5. .k H;
metric = 21 4B
=
roe N — KOAWYECTBO YHUKANbHLIX NOSb30BaTeNeNd,
H; — kon-Bo KNMKOB Ha kHoMKy B header ans j-ro nonb3oBaTens,

B; — kon-Bo kinkoB Ha KHonky B block ans i-ro nonbsosaTens.

Knukn 3aBUCUMbI, a NO0J1Ib30BATE/IN HE3ABUCUMBDI.



CxoanMocTb B Teopuu

=

e

X1, ..., X, — HE3aBUCMMbIE OQUHAKOBO pacnpepeneHHble ciy4aiiHble

BEJINYNHbI, paBHblE€ POCTY N3MEPEHHbIX KOTUKOB.

Teopema. Ycunerhbiii 3akoH 6onbwunx uncen (364, Y3BY).

Myctb {g,,}ﬁji — He3aBNCMMble OAMHAKOBO pacrnpefeneHHble Cily4aiiHble

1 n
BennYmMHbl, npudem E&; komeuro. Torma + > 7, & — E&r.

Dopmansro 1577 & T Egy, To ects P({w € Q| 2307 £(w) — E&}) = 1.

n
I'Iop,po6Ho 1N C AOKa3aTe/IbCTBOM B TeOpun BepOﬂTHOCTeﬁ.






